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1 The roots of the cubic equation x3 − 7x2 + 2x − 3 = 0 are α, β , γ . Find the values of

(i) α2 + β2 + γ 2, [2]

(ii) α3 + β3 + γ 3. [3]

2 Prove, by mathematical induction, that, for integers n ≥ 2,

4n > 2n + 3n. [5]

3 Given that f(r) = 1

(r + 1)(r + 2) , show that

f(r − 1) − f(r) = 2

r(r + 1)(r + 2) . [2]

Hence find

n

∑
r=1

1

r(r + 1)(r + 2) . [3]

Deduce the value of

∞
∑
r=1

1

r(r + 1)(r + 2) . [1]

4 The curve C has polar equation r = 2 + 2 cos θ, for 0 ≤ θ ≤ π. Sketch the graph of C. [2]

Find the area of the region R enclosed by C and the initial line. [4]

The half-line θ = 1
5
π divides R into two parts. Find the area of each part, correct to 3 decimal places.

[3]

5 A matrix A has eigenvalues −1, 1 and 2, with corresponding eigenvectors

( 0

1

−2

), (−1

−1

3

) and ( 2

−3

5

),

respectively. Find A. [9]

6 Write down the values of θ, in the interval 0 ≤ θ < 2π, for which cos θ + i sin θ is a fifth root of unity.

[2]

By writing the equation (ß + 1)5 = ß5 in the form

(ß + 1

ß )5

= 1,

show that its roots are

−1
2
{1 + i cot(kπ

5
)}, k = 1, 2, 3, 4. [7]
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7 The linear transformations T
1
: >4 → >4 and T

2
: >4 → >4 are represented by the matrices

M
1
=


1 1 1 4

2 1 4 11

3 4 1 9

4 −3 18 37

 and M
2
=


1 1 1 −1

2 3 0 1

3 4 1 0

4 5 2 0

,

respectively. The null space of T
1

is denoted by K
1

and the null space of T
2

is denoted by K
2
. Show

that the dimension of K
1

is 2 and that the dimension of K
2

is 1. [5]

Find the basis of K
1

which has the form




p

q

1

0

,


r

s

0

1


 and show that K

2
is a subspace of K

1
. [5]

8 Find the particular solution of the differential equation

d2y

dx2
+ 2

dy

dx
+ 5y = 10e−2x,

given that y = 5 and
dy

dx
= 1 when x = 0. [11]

9 The curve C has equation

y = 2x2 + 2x + 3

x2 + 2
.

Show that, for all x, 1 ≤ y ≤ 5
2
. [4]

Find the coordinates of the turning points on C. [3]

Find the equation of the asymptote of C. [2]

Sketch the graph of C, stating the coordinates of any intersections with the y-axis and the asymptote.

[2]

10 The curve C has equation

y = 2( x

3
)3

2

,

where 0 ≤ x ≤ 3. Show that the arc length of C is 2(2√2 − 1). [4]

Find the coordinates of the centroid of the region enclosed by C, the x-axis and the line x = 3. [7]
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11 Answer only one of the following two alternatives.

EITHER

Show that

ã π

0

ex sin x dx = 1 + eπ

2
. [4]

Given that

I
n
= ã π

0

ex sinn x dx,

show that, for n ≥ 2,

I
n
= n(n − 1) ã

π

0

ex cos2 x sinn−2 x dx − nI
n
,

and deduce that

(n2 + 1)I
n
= n(n − 1)I

n−2
. [6]

A curve has equation y = ex sin5 x. Find, in an exact form, the mean value of y over the interval

0 ≤ x ≤ π. [4]

OR

The position vectors of the points A, B, C, D are

2i + 4j − 3k, −2i + 5j − 4k, i + 4j + k, i + 5j + mk,

respectively, where m is an integer. It is given that the shortest distance between the line through

A and B and the line through C and D is 3. Show that the only possible value of m is 2. [7]

Find the shortest distance of D from the line through A and C. [3]

Show that the acute angle between the planes ACD and BCD is cos−1( 1√
3
). [4]
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